IOPSClence iopscience.iop.org

Home Search Collections Journals About Contactus My IOPscience

Non-spurious two-cluster harmonic oscillator wavefunctions

This article has been downloaded from IOPscience. Please scroll down to see the full text article.
1992 J. Phys. A: Math. Gen. 25 L177
(http://iopscience.iop.org/0305-4470/25/4/005)

View the table of contents for this issue, or go to the journal homepage for more

Download details:
IP Address: 171.66.16.59
The article was downloaded on 01/06/2010 at 17:51

Please note that terms and conditions apply.



http://iopscience.iop.org/page/terms
http://iopscience.iop.org/0305-4470/25/4
http://iopscience.iop.org/0305-4470
http://iopscience.iop.org/
http://iopscience.iop.org/search
http://iopscience.iop.org/collections
http://iopscience.iop.org/journals
http://iopscience.iop.org/page/aboutioppublishing
http://iopscience.iop.org/contact
http://iopscience.iop.org/myiopscience

J. Phys, A: Math. Gen. 25 (1992) L177-L182. Printed in the UK

LETTER TO THE EDITOR

Non-spurious two-cluster harmonic oscillator wavefunctions
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Abstraci. We consider a sysiem of identical paricles disitibuted in iwo clusiers and
described by harmonic oscillator wavefunctions. A set of non-spurious two-cluster states,
whose centre-of-mass is at rest, is constructed. It is characterized by the cluster Yamanouchi
symbols as well as by its overall permutational symmetry, angular momentum and total
energy. Applications to nuclear cluster models, to the evaluation of nuclear spectroscopic
factors, to the description of nuclei as quark-clusters, and to the study of interacting rare-gas
clusters are pointed out.

One of the technical difficulties that has to be faced in the study of finite systems of
identical particles involves the construction of a basis set in which the spurious
centre-of-mass motion is excluded. One common procedure involves the construction
of a basis set contaminated by spurious states, which have then to be eliminated. This
is usually done by adding an appropriate interaction to the Hamiltonian which pushes

un tha enurinne ctatag in gauirch a2 wray that thay Aa nnt afFact thae avantnal salenlatinong
I.IIJ LLiN apulluua olaLva 1l Juvil a Wﬂ.}' Lvina Lllb: ULV LIVL GRLIVAL LIl W YRIILUG] valvulatiuviie

[1]. However, these states are still present, yielding large, inefficient basis sets.

An explicit elimination of the centre-of-mass can be achieved by using a harmonic
oscillator basis set in Jacobi coordinates. The use of this approach for the construction
of non-spurious nuclear wavefunctions was studied extensively by Kramer and
Moshinsky [2, 3] and, in a different manner, by Smirnov et af {4, 5] and by Vanagas
[6]. A detailed exposition of these applications is presented by Wildermuth and
Tang [7].

A new approach for constructing single-cluster harmonic oscillator {(Ho) wavefunc-
tions with arbitrary permutational symmetry was recently proposed {8]. In this approach
the Ho wavefunction is separated into an internal wavefunction in terms of n — 1 Jacobi
coordinates and a centre-of-mass wavefunction. The internal states are constructed
recursively using a new type of nHo coefficients of fractional parentage (HoCFps).
Keeping the centre-of-mass at rest we obtain a basis set consisting of non-spurious HO
states.

A more serious difficulty is encountered in the calculation of spectroscopic factors
in nuclear reactions (4, 5]. These involve non-spurious two-cluster HO wavefunctions.
Several methods have been proposed to eliminate two-cluster spurious states, but each

one of them is only applicable within a small class of special cases [1].
In the nrecent lattar we introduce a general nroncedure to construct non-s

In the present letter we introduce a general procedure to construct non-spu

two-cluster states with arbitrary permutational symmetry. The two-cluster states are
expressed in terms of two single-cluster internal wavefunctions coupled to a Ho relative
wavefunction. The centre-of-mass is assumed to be at rest (Os state}). Consequently,
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the overall angular momentum is the same as the internal angular momentum. In
addition, the centre-of-mass wavefunction is totally symmetric with respect to permuta-
tions of the particle coordinates and therefore does not affect the overall permutational
symmetry. In view of the above, we will consider only the internal wavefunction.

For a single cluster of n identical particles, the sequence of irreducible representa-
tions (irreps} [i2), ' (51- .. Tia—11, [a) of the permutation group-subgroup chain Sy <
Sp1< .. € 8-S Sppy completely determines the permutational symmetry of the
wavefunction. This sequence of irreps is equivalent to a Yamanouchi symbol Y,;.
Therefore, the internal wavefunction of an n-particle single cluster with a well defined
permutational symmetry is [9]

Y (i@ PP aral - - - i gn—1)) (1)

where [n]={1,2,...,n}. The symbol ®;,, denotes the remaining good quantum
numbers

D1 = Ap 1€ @pm (2)

where Ag,; is the overall internal angular momentum, g, is the total internal energy
and ap,; is an additional label that takes care of any remaining degeneracy.
The wavefunction (1) is expressed in terms of the n —1 Jacobi coordinates

rntr+...+r_ i-1
P{s}.[.--u]z("a—l zi—l 1) \/ ; (3)

where i=2,3, ..., n. This set of coordinates was found to be convenient because each
internal coordinate p;; ;;,_,; depends on the first i single particle coordinates only. This
property enables the formulation of a recursive procedure for constructing the states
specified by (1), as presented in [8].

We now consider two-cluster Ho states. The particles are distributed in these two
clusters in such a way that there are n, particles in one cluster and n, particles in the
other, where n,+ n,=n. The good quantum numbers of a two-cluster wavefunction
are the Yamanouchi symbols of the two clusters, Y|, and ¥|,,;,the total permutational
irrep symbol I';,;, angular momentum #,; and internal energy e.; (cf [10]). The
symbol [ n,] stands for the particle indices in the first cluster, [n,]" for the indices in
the second, and [n]=[n,]u[n,]. The two-cluster wavefunction is constructed in terms
of a basis set consisting of states of the form

ICY (1P Yinad P Lo I 1P n 1€ 101D (4)
The intercluster Ho wavefunction
1Pm,rm 1 = | Ninyim et 1nars Prnsy i1} (5}

is expressed in terms of the intercluster relative coordinate

”(r‘l+r§+...+r,'u r,+r2+...+r,,l) /nlnz (6)
p["ﬂ'-["l] 'R " n1+n2'

Nuntin and L, ppa,) are the corresponding radial and angular quantum numbers.
The total internal energy is

En)= €(n,) T Epny) T EQnriind M
where

_ 3
€tnaam] = 2N1n 1 im1 t Lingy ey T3 (8)
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is the internal energy associated with the intercluster relative motion. The angular
momenta are coupled in the two-cluster states {4) in the following order: first we
couple the angular momenta of the two clusters A, ;+ A,,;= A}, and then we couple
the resultant angular momentum with the angular momentum of the intercluster relative
motion. This yields the overall internal angular momentum, 1.e. Apy+ Liya,1= Einl-
The states (4) do not have a well defined n-particle permutational symmetry. Our

aim in the present letter is to show how to construct a set of states which, in addition
to the good guantum numbers mentioned abave (1 . the Yamanouchi svmmbol of each
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cluster, the total energy and angular momentum) can be labelled in terms of their
overall permutationa! symmetry.

A method to construct multicluster wavefunctions with well defined permutational
symmetry in an arbitrary single particle basis was recently developed [10]. An appropri-
ate set of class-operators of the symmetric group [11] is diagonalized within the
subspace of multicluster states with a given chaice of single-cluster Yamanouchi
symbols and a given total angular momentum. The common eigenstates of these
class-operators belong to irreps of the symmetric group that are fully specified by the
corresponding eigenvalues. The resulting states contain the spurious centre-of-mass
motion in an uncontrolled and inseparable way.

A very similar procedure can be adopted to the present context. Since the functions
given by (4) are non-spurious, so will be any linear combination of such functions.
Choosing any desirable values for Y, ;. Y., £, and £,;, and noting that the
corresponding operators commute with the class-operators of the symmetric group
S;n1, we diagonalize the latter and obtain linear combinations belonging to irreps
denoted by I';

(Yt Y im € i€ @)
= z F( an 1¢rn 1Yr.. 1q)r.1 I)Arrﬂq)[n Tim }ggn]s{nﬂ}

Yray 1Py Pragrie 1A LA
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where ap,) labels any remaining degeneracies.

The coefficients appearing on the right-hand side of (9) are written in a form
reminiscent of the celebrated coefficients of fractional parentage of the atomic and
molecular shell-models. They are the overlap integrals between the states defined in
(4) and the permutational symmetry adapted states specified on the left-hand side of
(9). They are in fact the common eigenvectors of the matrices representing the class-
operators of S;,; in the basis set specified in (4).

In [10] it was shown that the matrix elements of the single cycle class operators,

Ak non pnffi At ta Antasonzen th rratar
which are sufficient to determine the ﬂTeps of u[,,,] can be paﬂi“aﬂed into intracluster

and intercluster contributions. The former are trivial because the basis functions are
eigenstates of the intracluster class-operators {cf (4)). The intercluster contribution
was shown in the above reference to be expressible in terms of the matrix element of
a single representative cycle. Thus, the term that has to be evaluated in order to obtain
the matrix element of the class of transpositions involves the single transposition
({m}, {n,}') between the last particle in the first cluster and the last particle in the
second. For the three-cycles the only matrix elements that need to be considered are
(md, {m — 1L {n2d), (U =1}, {nd {ma}), (I, {m2 =1, {n2}) and ({n,}, {no}, {n,—

1}'). The sum of the first two is a class-operator in the realization of S; in terms of the
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indices {n,}, {n, —1} and {n,}', and the sum of the last two is a similar class-operator
in another realization of §;. The extension to higher class-operators is obvious.

In order to evaluate these matrix elements we propose to transform the two-cluster
wavefunctions (4) into three-cluster wavefunctions in which the particles appearing in
the permutation of interest are placed in the third cluster. In the case of the transposition
{{n,}, {n2}') the third cluster consists of the two particles {n,} and {n,}.

The third cluster is formed recursively, one particle at a time. Assume that at a
certain stage the first cluster consists of the particles [n,]={1,2,..., n,}, the second
consists of [n,]'={1,2,..., n,}" and the third consists of [k]"={1, 2,..., k}". Say that
we are now interested in moving the last particle of the first cluster into the third
cluster. The coordinates involving this particle originally are its Jacobi coordinate
within the first cluster, p(,;r.,-1; (€quation (3)), as well as the coordinate of the
centre-of-mass of the second cluster relative to that of the first, py,,y 1, (equation (6}),
and the coordinate of the centre-of-mass of the third cluster relative to that of the first
two

it A ntnt o ettt 4
PikTm[mluin) = k

n+n,

/k("1+ n;)
X k+n+n, (10)

After the transformations the particle originally referred to as {n,} is renamed
{k+1}" and it appears in an appropriate Jacobi coordinate within the third cluster as
well as in the coordinate of that (augmented) cluster relative to the centre-of-mass of
the (new) first and second clusters. In addition, we have to introduce a new relative
coordinate between the (new) first cluster and the (unaffected) second one.

This situation is illustrated in figure 1, where the particle being transferred from
the first cluster to the third is labelled in terms of its old and new labels. The locations
of the various centres-of-mass involved in specifying the relevant coordinates, in both
the original and modified clusters, are marked and labelled in the figure,

Im1 U [n,)f

Ine-11 U )]

Inbz (k1)

Figure 1. Transformation of a particle from the first to the third cluster. The particle
transformed is {n,} which becomes {k+ 1}". The centre-of-mass of the original clusters are
at the locations labelled [m,], [n,) and [k]". Those of the new clusters are at [m, ~1] and
[k+1]). [m]w{n.] and [n, —1]u[n;) label the centres-of-mass of the pairs of clusters
indicated.
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The transformation is achieved by means of two consecutive Talmi-Moshinsky
type rotations [12-14], along with appropriate angular momentum recoupling transfor-
mations which we do not specify in detail. The first rotation is

PlaTin—11= PlaY fny] COS £ Py a1y sin

(11)

Pinibin—11ulnT = T Plngyn] 510 L+ Py (n 1) €OS {

O PR S ing=Af—T2
cos{—\/l m(n,+n,—1) sin ¢ n(n+n,—1) (1)

Note that the transformation of {n,} into {k +1}"involves the identification r(,, = rjp
from which it follows that .., s, 1100 n, 1 = Pik+1)"n,—110[ny) - The s€cond transformation
is

where

P (k1) (KT = Pk 11 L= 110lng] €08 B = Plij[nJulm,) SIO 7

(13)

P11 [n =110l = Bik+11 L ~1]0ln) SUL N F Plir [m10tn,r COS 7

cos =\/1_M sinm = n—'ﬂtii-_"f___ (14)
K (n,+ n)(k+1) TN )kt 1)

The following special cases are important.

1. The generation of the third cluster starts with the empty cluster k=0. In this
case cos 7 =0and sin 9 =1, i.e. Py n—1]0ln] = P{1)"gm—1]ul s, - Which is obvious since
[1]"={1}". Thus, the second rotation {equation (13)) is superfluous.

2. Moving the last particle from the first to the third cluster. Here cos { =0 and
sin { =1, i.e. Py [,y = Ppy[a,y- I this case the first rotation (equation (11)) is supet-
fluous.

The wavefunction for the third cluster.with the additional (k+1)"th particle is now
of the form

where

| Y[k]"(p[k]"q){k+l}"A[k+l]"8[k+1]")- (1 5)

Using the fact that the HocFps, defined in [8], form a real orthogonal matrix whose
inverseis the transposed matrix, we express this state as a linear combination of the form

b | Y p®renrl Yo @y ® gy A prepgs il Yien r@rear). (16)

Fikerr

The prime over the summation symbol indicates that the sum is over all irreps I'py .y
which are obtained by adding one box (in a legitimate position) to the irrep I'.

The transfer of a particle from the second cluster into the third one can be effected
with obvious minor modifications. .

Once all the relevant particles have been moved into the third cluster the evaluation
of the matrix element of the intercluster class-operator becomes trivial, since the third
cluster is expressed as a linear combination of terms, each one of which belongs to
an irrep of the symmetric group S,-. Each such term is an eigenstate of the intercluster
class-operators.
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The permutational symmetry adapted non-spurious two-cluster wavefunction,
which we possess once the appropriate set of class-operators has been diagonalized,
can be used in several very different physical contexts. It provides a very straightforward
means for the evaluation of nuclear spectroscopic factors and enables the study of
interacting clusters of identical particles ranging from quarks through nucleons to
rare-gas atoms. Among the many applications we find the study of fission and fusion
of clusters of nuclei or atoms particularly exciting. The latter are crucial steps in the
process of nucleation and droplet-formation in the gas phase. The coordinate transfor-
mations discussed in the present article are equally useful in the study systems of
identical particies within classical mechanics, such as in molecular dynamics simula-
tions of gas-phase atomic cluster behaviour.

The generalization of the algorithm to more than two clusters involves some further
angular momentum recoupling transformations, but is otherwise straightforward.

Research by JK was supported by the Technion VPR fund and by the fund for the
promotion of research at the Technion.
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